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Scalar Selds with inverse power-law effective potentials may 
provide a negative pressure component to the energy density 
of the universe today, as required by cosmological observa- 
tions. In order to be cosmologically relevant today, the scalar 
Held should have a mass = O(10~^^eV), thus potentially 
inducing sizable violations of the equivalence principle and 
space-time variations of the coupling constants. Scalar-tensor 
theories of gravity provide a framework for accommodating 
phenomenologically acceptable ultra-light scalar fields. We 
discuss non-minimally coupled scalar-tensor theories in which 
the scalar-matter coupling is a dynamical quantity. Two at- 
tractor mechanisms are operative at the same time: one to- 
wards the tracker solution, which accounts for the accelerated 
expansion of the Universe, and one towards general relativity, 
which makes the ultra-light scalar held phenomenologically 
safe today. As in usual tracker-held models, the late-time be- 
havior is largely independent on the initial conditions. Strong 
distortions in the cosmic microwave background anisotropy 
spectra as well as in the matter power spectrum are expected. 
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The growing evidence for an accelerated expansion of the 
universe ^J^, together with the analyses on cluster mass 
distributions and preliminary data on the position of 
the first Doppler peak in the cosmic microwave background 
anisotropics strongly indicate that a large component of 
the energy density of the universe has negative pressure. 

In a fiat space-time, a cosmological constant A with f^A — 
0.7 could well play the role of this unknown component. Al- 
ternatively, space-time dependent scalar fields have been con- 
sidered, in what are usually called 'quintessence models'. In 
particular, models with inverse power-law effective potentials, 
V{^) = M'*+™'>I>~"', exhibit attractor solutions with nega- 
tive pressure |^-^ , so that the presently observed accelerated 
expansion of the universe might be ascribed to a scalar field 
which is still rolling down its potential. The good point about 
these models is the existence of the attractor, which makes 
the present-time behavior nearly independent on the initial 
conditions of the fields [^[^. On the other hand, the field 
energy density scales with respect to that of the background 
according to the power-law 
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(1/3) for matter (radiation). Then, assuming that the field 
reached the attractor solution by the time of equivalence be- 
tween matter and radiation {1 + Zeq = 2.4- lO'^Jlo^o) the above 
ratio has varied by a factor 



(1) 



where the equation of state for the background is wb 



since then. The explanation of why it is p# ~ ps right today 
is the so called 'cosmic coincidence' problem. For moderate 
values of the exponent m the required fine-tuning on the mass 
parameter M in the scalar effective potential is of the same 
order of that needed in the case of a pure cosmological term 
(m = in eq. (|l|)). Then, there is no clear improvement in 
this respect. 

An even tougher problem emerges when the phenomenol- 
ogy of the scalar field $ is taken into account. Indeed, the 
following relation holds on the attractor solution ^ 

V" = (9/2)(l - ujl)[{m + l)/m]H^ , 

which means that the scalar field is practically massless today, 
m# ~ Hq ~ 10~^^eV. If the most general couplings of "I> with 
the rest of the world are allowed, phenomenologically disas- 
trous consequences are induced, like violations of the equiv- 
alence principle and time-dependence of gauge and gravita- 
tional constants on a time-scale 0{Hg^) pij,hlf. The former 
are strongly constrained by Eotvos type experiments to less 
than 10^^^ level, whereas present results on the time varia- 
tion of coupling constants give \a/a\ < 6.7x 10~^^yr~^ for the 
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electromagnetic coupling p^ , [f 3| , \Gf/Gf\ < 10 ^^yr 
the Fermi constant @ and \G/G\ = (-0.2 ± 1.0)10~"?/r- 
for the Newton constant |]l^ . 

Scalar-tensor theories of gravity (ST) represent a natural 
framework in which massless scalars may appear in the grav- 
itational sector of the theory without being phenomenologi- 
cally dangerous. In these theories the purely metric coupling 
of matter with gravity is preserved, thus ensuring the equiv- 
alence principle and the constancy of all non-gravitational 
coupling constants |l^. Moreover, as discussed in |l^, a 
large class of these models exhibit an attractor mechanism 
towards general relativity (GR), that is, the expansion of the 
Universe during the matter dominated era tends to drive the 
scalar fields toward a state where the theory becomes indis- 
tinguishable from GR. 

In this letter we will discuss quintessence in the framework 
of ST theories. We will identify a class of models in which two 
attractor mechanisms are operative at the same time: one to- 
wards the tracker solution, which accounts for the accelerated 
expansion of the Universe, and one towards GR, which makes 
the ultra-light scalar field phenomenologically safe. In these 
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models, the coupling between the scalar field and ordinary 
matter is a dynamical quantity which becomes smaller and 
smaller as the field rolls down its efltective potential. This 
is the main difference with respect to previous works on ST 
theories as models for quintessence where the attrac- 

tor toward GR was not present and the coupling between the 
scalar field and matter had to be fixed to small values once 
for all in order to meet phenomenological constraints. 

Moreover, we will find that during most of the matter- 
dominated era the ratio / pm will scale with the logarithm 
of a instead of the power-law of eq. (|^). As a result, the varia- 
tion of this ratio from equivalence to today is sizably reduced, 
thus alleviating the coincidence problem. 

ST theories of gravity are defined by the action |l0|,|l5[ 
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where 
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and the matter fields 
cjfj^jj and not to $, i.e. S, 



are coupled only to the metric tensor 
I.e. = Sm [^m , gpiy] . R IS the Ricci scalar 
constructed from the physical metric gr^^. Each ST model is 
identified by the two functions and V{^). For instance, 

the well-known Jordan-Fierz-Brans-Dicke (JFBD) theory jl^ ] 
corresponds to tj(cE>) = cu (constant) and V{^) — 0. The 
matter energy-momentum tensor, T^" — 2 / \/—g SSm/Scjf^i, , 
is conserved, masses and non-gravitational couplings are time 
independent, and in a locally inertial frame non gravitational 
physics laws take their usual form. Thus, the 'Jordan' frame 
variables and $ are also denoted as the 'physical' ones in 
the literature. On the other hand, the equations of motion are 
rather cumbersome in this frame, as they mix spin-2 and spin- 
excitations. A more convenient formulation of the theory 
is obtained by defining two new gravitational field variables, 
and <j) by means of the conformal transformation 

g^^ = A^{(f))gf,^ 



Imposing the condition 



dlogA{q>) 



the gravitational action in the 'Einstein frame' reads 
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Rf^f - ^OiJ.i'R = -gi^vig'"' dp(j)da(j} + V{<j))) + 2df^(j>d^(f> 
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+8TvGtTij,i, 
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where T^^ is the Einstein frame energy-momentum tensor, 
T^'•' = 2/y^^SS^/Sg^.. 

The relevant point about the scalar field equation in (^) 
is that its source is given by the trace of the matter energy- 
momentum tensor, T = g^^Tfj,i,, which implies the (weak) 
equivalence principle. Moreover, when a{(j)) — the scalar 
field is decoupled from ordinary matter and the ST theory 
is indistinguishable from ordinary GR. Indeed, at the post- 
newtonian level, the deviations from GR may be parameter- 
ized in terms of an effective field-dependent newtonian con- 
stant!] 

and two dimensionless parameters 7 and (3 which, in the 
present theories turn out to be [ p^ 



7 - 1 = -2 



1 + 



(l + a2)2 
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where k = da/d4>. 

The strongest bounds on the present values of the parame- 
ters Q and K come from solar system measurements and may 
be summarized as follows lllSl 



al < IQ-^ , [(1 + Ko)al] < 2.5 x 10" 



(9) 



We next consider an homogeneous cosmological space-time 



dt^ + a(t) df 



where the energy-momentum tensor admits the perfect-fluid 
representation 

T^" = {p + p) + pg^" , 

with Qfj,,^ u'^u" = — 1. 

The Friedmann-Robertson- Walker (FRW) equations then 
take the form 

-3- =47r G* (p + 3p) + 2(^^ - ^(fli) (10) 
a 

sf-V+S-^ =87rG.p-f-<^' + l/(<^) (11) 

1 dV{(t>) 



. + 3-0 = - 4^ G. a(<^)(p~3p)--- 

a 2 d(f> 
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-g [R - 2g^"df,<t)d^(i} - 2V{<)))] , (6) with the Bianchi identity 



and the matter one now contains also the scalar field 
Sm\^m, {(t>)gti.v]- III this frame masses and non- 
gravitational coupling constants are field-dependent, and the 
energy-momentum tensor of matter fields is not conserved 
separately, but only when summed with the scalar field one. 
On the other hand, the gravitational constant G* is time- 
independent and the field equations have the simple form 



d{pa^) +p da^ = p) adlogA{(l>). 



(12) 



(13) 



^Strictly speaking, this is only true for a massless field, but 
for any practical purpose it applies to our nearly massless 
scalars (m^ ~ Hq^) as well. 
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The physical proper time, scale factor, energy , and pres- 
sure, are related to their Einstein frame counterparts by the 
relations 



dr = yl(<^)dr, a = yl(<^)a, p = 



— ^(0) p. 



Defining new variables 



X = log—, 



BttG. p' 



_ P 
w = 



and setting fc = (flat space) the field equation of motion 
takes the more convenient form 



-2 (1 + A) 0" + [(l-H+2Al 0' 



dlogV{<P) 
d(j) 



(14) 



where primes denote derivation with respect to x- E^l- ( |l4| ) 
will be our master equation. 

Each ST theory is specified by a particular choice for a{(j}) 
and V{(j>)- As already mentioned, a constant a{(j>) ~ Q and 
V — select the traditional JFBD theory, in which no mecha- 
nism of attraction towards gravity is operative. In refs. [ p"6p^ 
a non-zero potential with power-law behavior was added to 
this case, and the model was studied as a candidate for 
quintessence. 

The mechanism of attraction towards GR can be illustrated 
by the simplest case q(</>) — P (j), which was studied in refs. 
[ P^ . Choosing V = eq. (^^ takes the form of the equation 
of motion of a particle with velocity-dependent mass m (</>') — 
2/(3— ((/f>')^) in a parabolic potential n — (1 — 3ui) /? 0^/2, and 
subject to a damping force proportional to (1 — w). Then, it 
is easy to realize that at late times the field (f) will settle down 
at the minimum of the potential, = 0, where a{(ji) = and 
the theory is indistinguishable from GR. 

In order to have a model for quintessence, the late-time 
behavior of the field must be dominated by an effective po- 
tential with inverse-power law behavior. If this is the case, 
a{<l)) must decrease for large (f), unlike the behavior consid- 
ered above. We then consider the class of ST theories defined 
by 



a{(l>) = -Be 



-13^ 



(15) 



as models for quintessence. 

From Bianchi identity we have the Einstein frame scaling 
laws 

Prad ~ Pmat ~ A{(j))a~^ , 

so that the background equation of state turns out to be 
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M4') , 



(16) 



A((/!)eq) being the value of ^(0) at equivalence. 

During radiation domination w ~ 1/3, thus one might ex- 
pect the equation of motion ( |l^ to be insensitive to a (</!>). Ac- 
tually, if one is interested in scalar fields with energy densities 
of the same order as matter today, then the scalar potential 



term in the RHS of eq. ( p^ ) turns out to be subdominant with 
respect to q:((^)(1 — 3w;) during radiation domination and most 
of matter domination. In this regime, and neglecting with 
respect to <^', we find the approximate solution 



/3 



log 



4- cost 



(17) 



which is an attractor in field space. In deriving eq. ( |17| ) we 
have also assumed A((\>) ~ A{(^e.q) which is always the case 
after nucleosynthesis, if the bound (^) below is satisfied. 

Notice that this attractor is not the one that would have 
been obtained in the a (1 — Zw) limit, that is the well 
known tracker solution 

3('^B+l) 

<^tr ~ a ™ + 2 , (18) 

considered in [^-^, whose energy density scales according to 
eq. §. 

The energy density of the solution ( [17] ) is dominated by the 
kinetic term (w^ ~ 1) and scales according to 

P4, _ 1 + A 

PB 



+ A 




+ cost 



(19) 



Thus, the field evolution may be schematically divided 
in two regimes; at early times, during radiation dom- 
ination and a large part of matter domination, it is 
|a(l — 3w)| 2> |A dlog V ld(i>\, and the relevant attractor is 
approximated by eqs. ([l^), ([l£|). Notice that after equiva- 
lence (a > a^q) the field energy varies only logarithmically 
with respect to the background energy so, in this regime, the 
cosmic coincidence problem is parametrically alleviated. 

At late times, the potential term starts to dominate and the 
solution is attracted towards the usual tracker with negative 
pressure, eqs. (p^), (|l|), while the ST theory flows towards 
GR as a ^ 0. 
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FIG. 1. Energy densities (in log-|^pio scale) vs. Einstein frame scale 
factor for B — 0.5, /3 — 4 and m — 6. The short-dashed line is the back- 
ground, whereas the long-dashed and dash-dotted are the field energy 
densities for two solutions with initial energy much larger and smaller 
than that of the tracker (^|) (solid line), respectively. 
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In Fig. 1 the evolution of the energy density of typical 
solutions is shown as a function of logiQ(a/ao). The long- 
dashed and dash-dotted lines correspond to initial energies 
much larger and lower than the tracker solution (solid line), 
respectively. The latter has been obtained for a = and 
A ^ 1 as in refs. [^-^. The background energy density is 
plotted with the dashed line. 

The potential term starts to dominate over the a-term only 
at late times logio(a/ao) ^ —1.5. Before that epoch the two 
solutions have already merged into the the attractor (|l^) . As 
we see, the good point about the tracker solutions of refs. 
[^-^, namely the independence on the initial conditions, is 
preserved in this ST model. Here, differently from j^-^ it 
is achieved by means of the attractor ( |l^ ) and not of the 
tracker (^). Eq. ( p^ becomes the relevant attractor only 
for logj^Q(a/ao) ^ —1.5, when the potential term starts to 
dominate over the a one and the two solutions join the solid 
hne. 



Log,„(1+z) 

FIG. 3. The total equation of state (mattcr+scalar field) in the 
physical frame, for the dash-dotted solution in Fig.l. 
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FIG. 2. Field to background energy ratio for tlie dash-dotted solu- 
tion in Fig.l. 



In Fig. 2 we plot the field to background energy ratio for the 
dash-dotted solution of Fig.l. Notice the logarithmic behavior 
from equivalence (logj^Q(a/ao) — —4) to the epoch in which 
the potential term starts to dominate. 

The total equation of state in the physical frame, Wtot = 
Ptot/ Plot, is plotted in Fig. 3 versus the physical redshift 
1 + z = a/do- 



Now we come to the phenomenological constraints on this 
ultra-light scalar. As we read from Fig. 4, the bounds coming 
from solar-system experiments, eq. (H) are largely satisfied by 
the present values of a^, so that we don't expect any devi- 
ation from GR to be measured at present or in forthcoming 
experiments. 

The strongest bounds come instead from nucleosynthesis. 
The variation of the (Jordan frame) Hubble parameter at nu- 
cleosynthesis induced by the time-dependent Newton constant 
is given by 



$2 

-| ^ nuc 



(20) 



and may be expressed in terms of the number of extra rela- 
tivistic neutrino species as 



7AiV/4 



//2 10.75 + 7A7V/4 ' 
Taking the 95% CL limit for AiV, AAT < 1 (l|] we get 



(21) 
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or, equivalently, 



Qo 



> 0.86 



< 0.08/3 



(95% CL) 



(95% CL), 



(22) 



which gives constraints on the ratio -B//9 or on the value of 
the field at nucleosynthesis. 

In Fig. 4 we plot c? for the dash-dotted solution of Fig. 
1. As we anticipated, imposing the nucleosynthesis con- 
strain (|2^) the post-newtonian bounds (^ turn out to be 
phenomenologically irrelevant. On the other hand, strong 
signatures of the present scenario are generally expected on 
the anisotropy spectra of the Cosmic Microwave Background 
(CMB) as well as in the matter power-spectrum. These is- 
sues have been studied in ref. ||l^ in the context of ST models 
which do not exhibit the attractor behavior towards GR con- 
sidered here. The Induced Gravity (IG) model considered 
there is recovered in our language with a field- independent a, 
related to the parameter ^ of ref. by 
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Being field independent, afg is bounded by ^ at any epoch, 
and the resulting spectra distortions are at the some percent 
level in IG |16|. On the other hand in the present case we 
may have a'' — O(10~^) at decoupling, as we see in Fig. 4. 
Looking at Fig. 6 of ref. we can infer that such a large 
value may decrease the height of the first Doppler peak in the 
temperature anisotropy spectrum by a factor ~ 2 and shift 
it to higher multipoles by Al ~ 50. Similar strong effects - 
well into the reach of future MAP and PLANCK CMB exper- 
iments - are predicted for the CMB polarization anisotropy 
and the matter power spectra. 
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FIG. 4. The dynamical evolution of the matter-scalar coupling a 
in the physical frame, for the dash-dotted solution in Fig.l. 
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